Using the mean-field Gross-Pitaevskii (GP) equation we study the evolution of Josephson current in a repulsive Bose-Einstein condensate in an optical-lattice potential initiated by a sudden displacement of the trapping potential. Similarly, we also study the evolution of quantum tunneling in a double-well potential in one and three dimensions initiated by a trap displacement leading to a periodic oscillation of the condensate across the barrier which could be observed experimentally 
Introduction
The experimental loading of a cigar-shaped repulsive Bose-Einstein condensate (BEC) in both one- [1, 2, 3, 4, 5, 6] and three-dimensional [7] periodic optical-lattice potentials and more recently in double-well potentials [8] has allowed to perform many novel experiments which challenge theoretical models. The optical-lattice potential generated by a standing-wave laser field has been used in the study of matter-wave interference [1] , of squeezed states [3] , of oscillating neutral atomic current in a one dimensional array of Josephson junctions [4, 5, 9] , of Bloch oscillation and Landau Zenner tunneling [6] , of superfluid-insulator classical [5, 10] and quantum [7] phase transitions, and in the generation of matter-wave bright soliton [11] . Of these the study on oscillating Josephson current via quantum tunneling [4, 5, 9] is of special interest not only in BEC but also in basic quantum mechanics.
Although, because of experimental convenience the first signature of oscillating Josephson current [4] due to quantum tunneling through BEC arrays was in an opticallattice trap, it would be of great interest to investigate quantum tunneling in a much simpler context, e. g., in a symmetric double-well potential in view of the recent experimental [8] and theoretical [12] studies of a BEC in this potential. In this paper we undertake this task. We make a careful study of the evolution of quantum tunneling in a double-well potential in one and three dimensions. We also study the evolution of Josephson current in an optical-lattice trap. The trapping potential in three dimensions is taken to possess axial symmetry.
The interesting feature of the above-mentioned studies is the spontaneous quantum tunneling of atoms through barrier(s) of strength larger than the energy of the system, which is prohibited in classical systems and highly attenuated even in quantum systems. It is the coherent atoms of the condensate which experience this miraculous flow through the high barriers, which is a manifestation of superfluidity. All superfluids are necessarily condensates, but all condensates may not be superfluids. The fact that Josephson oscillation is inherently related to the superfluidity of the condensate makes this study of great general interest [4, 7] .
Cataliotti et al. [4] prepared a BEC on a joint axially-symmetric harmonic plus an optical-lattice trap. Upon displacing the harmonic trap along the optical lattice, the BEC was found to execute Josephson oscillation by quantum tunneling through the optical-lattice barriers. The tunneling through the optical-lattice barriers is found to be perfect without any reflected wave. In a later experiment they [5] found that for a larger displacement of the harmonic trap the Josephson current is disrupted. The experimental detection of the Josephson oscillation was rather indirect. The traps on the BEC executing Josephson oscillation was suddenly removed and the expanding condensate was allowed to form an interference pattern with three peaks which was detected experimentally. There have been several theoretical studies of the formation of this interference pattern in one and three dimensions [13] . The information about Josephson oscillation before expansion was obtained by extrapolating the interference peaks backwards in time. They adopted the indirect procedure as the expansion of the BEC upon release from the traps facilitates the observation. However, this is not quite necessary in numerical simulation, where one can directly identify the Josephson oscillation and its disruption without resorting to an expansion.
Here we investigate Josephson oscillation directly via space-time evolution of matter-wave probability density calculated using the mean-field Gross-Pitaevskii (GP) equation [14] . Such a direct numerical study of Josephson current involves less CPU time and memory and is found to be more precise and accurate than that based on an expansion of the condensate. A preliminary theoretical study on this topic was based on an expansion of the BEC as in the experiment [9] .
We study the possibility of quantum tunneling in a double-well potential in oneand three-dimensions initiated by a displacement of the trap. In this case the quantum tunneling is found to be accompanied by a reflected matter wave from the double-well barrier. In contrast a pure Josephson tunneling current without reflection is found in the case of the optical-lattice potential in three dimensions. We compare the present results on the three-dimensional optical-lattice potential with experiments [4, 5] as well as with previous theoretical results [4, 9] . The present frequencies of Josephson oscillation are in good agreement with the experiment by Cataliotti et al. [4] . Also, with the increase of the trap displacement there is a disruption of Josephson current as in the experiment by Cataliotti et al. [5] We present the working models in section 2, and numerical results in one and three dimensions in sections 3 and 4, respectively. A discussion on the present study is presented in section 5 and finally, a summary and conclusion in section 6.
Mean-field Gross-Pitaevskii Equation

Three-dimensional Model
The time-dependent BEC wave function Ψ(r; τ ) at position r and time τ is described by the following mean-field nonlinear Gross-Pitaevskii equation [14] 
where m is the mass, N the number of atoms, G = 4π 2 a/m the strength of interaction, with a the scattering length. In the presence of the combined trap
where ω is the angular frequency of the harmonic trap in the radial direction ρ, νω that in the axial direction y, and V aux is an auxiliary potential which will be taken to simulate an optical-lattice or double-well potential. We shall consider a Gaussian profile for V aux which together with the harmonic potential will simulate a double-well potential. The axially-symmetric wave function can be written as Ψ(r, τ ) = ψ(ρ, y, τ ), where 0 ≤ ρ < ∞ and −∞ < y < ∞. Transforming to dimensionless variablesρ = √ 2ρ/l, z = √ 2y/l, t = τ ω, l ≡ /(mω), and
where n = Na/l. In terms of probability P (y, t) ≡ 2π ∞ 0 dρ|ϕ(ρ, z, t)| 2 /ρ, the normalization of the wave function is ∞ −∞ dzP (y, t) = 1. The probability P (y, t) is useful in the study of Josephson current.
In the experiments of Cataliotti et al. [4, 5] with repulsive 87 Rb atoms, the axial and radial trap frequencies were νω = 2π × 9 Hz and ω = 2π × 92 Hz, respectively. The present dimension length unit corresponds to l/ √ 2 = 0.796 µm and the dimension time unit corresponds to ω −1 = 1.73 ms. The optical potential created with the standingwave laser field of wave length λ = 795 nm is given by
, κ L = 2π/λ and V 0 (< 12) the strength. In terms of the dimensionless laser wave length
2 /λ, the optical-lattice potential V aux of (2.2) can be written as
To simulate a double-well potential V aux is taken as
where y 0 = lz 0 / √ 2 is the trap displacement. We shall use these two potentials in the present study of Josephson current.
One-dimensional Model
For a strongly anisotropic external potential ν << 1, the collective BEC dynamics can be described by an equivalent one-dimensional model [15] . For such a cigar-shaped condensate in the dilute weak-coupling limit, the GP equation for the longitudinal profile of the normalized condensate wave function in the axial y direction takes the form [15] 
where l ⊥ = /(mνω). The basic potential in the axial direction is given by V (y) = mω 2 ν 2 y 2 /2. The normalization condition is given by
Next, with the following transformation of variables z = y/l ⊥ , t = τ ων/2, and ϕ(z, t) = √ l ⊥ φ(y, τ ), (2.5) reduces to
with the potential
nonlinearity n = 4Na/l ⊥ and normalization
One can have a double well by replacing the potential (2.7) by
where the parameter α determines the width of the double well centered at z = z 0 . The parameter V 0 determines the strength of the double-well potential.
A direct numerical study of quantum tunneling and Josephson oscillation based on the three-dimensional GP equation (2.2) as performed in [9] , although viable, is by no means an easy numerical task. This involves large CPU time and computer memory. However, the one-dimensional reduction of the three-dimensional model makes the numerical study a routine one and we shall first use this one-dimensional model for a systematic study of quantum tunneling before extending the same to the case of a BEC trapped in a double-well [8] or optical-lattice potential in three dimensions as in the experiment by Cataliotti et al. [4] . In both one and three dimensions the GP equation is solved by discretizing the space derivatives by the finite difference scheme and carrying on the time evolution by the Crank-Nicolson algorithm [16] .
Numerical Results in One Dimension
To study quantum tunneling in one dimension we prepare a BEC in the ground state in the harmonic trap (2.7) with a certain nonlinearity n = 10. Then the trapping potential is suddenly changed to the displaced double-well (2.8) at time t = 0. For nonlinearity n = 0 the normalized ground-state wave function in the harmonic trap (2.7) is e −z 2 /2 /π 0.25 with energy 1. The quantum tunneling is directly studied via a contour plot of the probability P (z, t) versus z and t in the following. The scenario of tunneling is shown in figures 1 for the double-well potential (2.8) with V 0 = 125, α = 1, and z 0 = (a) 5, (b) 10 and (c) 15. For a small z 0 there is no tunneling and the matter wave gets reflected at the double-well barrier repeatedly at a frustrated attempt to experience tunneling as shown in figure 1 (a) for z 0 = 5. With an increase in z 0 there is some tunneling through the double-well barrier together with a reflected matter wave as shown in figure 1 (b) for z 0 = 10. However, for a trap displacement of z 0 ≈ 11.2, the potential energy in the displaced trap z The general scenario shown in figures 1 seems to be valid for most double-well potentials. We made a complete study in this direction by varying the parameters α and V 0 . The increase of α reduces the width of the barrier and increases tunneling probability. Consequently, intensity of the transmitted wave (number of atoms in the transmitted wave) increases. In the limit of very large α (vanishing width of the barrier) the tunneling is perfect with no reflected wave at the barrier. However, for finite width of the barrier quantum tunneling is found to be always accompanied by a reflected matter wave. A phenomenon, similar to that noted in figure 1 (a) for small trap displacement leading to complete reflection at the barrier, has been observed experimentally in [17] where a matter-wave BEC was successively reflected by a barrier formed by a far-detuned sheet of light. However, it would be more interesting to observe and study the oscillation of the condensate across the double-well barrier as noted in figure 1 (b) . Such a study seems to be possible at present in view of the formation of a condensate in a double-well trap [8] . 
Numerical Results In Three Dimensions
In this section we present a numerical study of quantum tunneling and Josephson current in a double-well and optical-lattice potentials in three dimensions. We perform the calculation using the dimensionless GP equation (2.2). We employ the parameters of the experiment (trap frequencies and optical-lattice parameters) of Cataliotti et al. [4] in our calculation and also use them to transform the dimensionless time and length units to actual time (ms) and length (µm) units.
Double-Well Barrier
Although the first observation of Josephson current in BEC was in the periodic opticallattice barriers [4] , after the recent realization of a BEC in a double-well potential [8] the observation of quantum tunneling in a BEC trapped in a double-well potential is just a matter of time. Here we consider the double-well potential in three dimensions and find that the scenario of figures 1 is reestablished. For a small displacement y 0 of the trap there is total reflection at the double-well barrier with no tunneling. For a larger y 0 there is both reflection and tunneling at the barrier. With further increase in y 0 the BEC acquires sufficient energy to pass over the double-well barrier without really tunneling through the barrier. We illustrate these features for the double-well potential (2.4) with V 0 = 25, and α = 10. For a small y 0 there is total reflection of BEC matter wave at the barrier and there is no tunneling as shown in figure 2 (a) for y 0 = 24 µm. For y 0 = 72 µm, there is tunneling of matter wave accompanied by reflection as shown in figure 2 (b) . With the increase of y 0 the reflected part of the matter wave at the barrier is reduced. For y 0 = 120 µm, the BEC has enough energy to pass over the double-well barrier and one has pure oscillation of BEC matter wave in figure 2 (c).
The scenario of figures 2 (a), (b), and (c) is quite similar to that of figures 5 (a), (b), and (c).
Hence the one dimensional model can simulate well many features of three-dimensional dynamics and the physical scenario reported with the one-dimensional model should remain valid in actual experimental conditions for a double-well potential.
Optical-Lattice Barrier
Next we consider the generation of neutral atomic Josephson current as in the experiment of Cataliotti et al. [4] with an optical-lattice potential along the axial direction of a harmonic trap. The Josephson oscillation is generated by displacing the harmonic trap suddenly by 30 µm along the axial direction for different strengths V 0 of the optical-lattice potential (2.3). Without resorting to an expansion and backward extrapolation in time as in the experiment [4] and in a previous simulation [9] , the Josephson current is directly studied here from a contour plot of P (y, t) versus y and t after the displacement of the harmonic trap through 30 µm. The resultant plots are shown in figures 3 (a) and (b) for optical-lattice strengths V 0 = 2 and 6, respectively. A perfect Josephson periodic current results from numerical simulation, as reported in figures 3, from which the Josephson frequency can be precisely obtained. In both cases the energy of the BEC is smaller than the height of the barrier V 0 .
By making simulation for various V 0 we obtained the respective Josephson frequencies of oscillation which are plotted in figure 4 and compared with experiment and a previous calculation [9] based on a backward extrapolation in time of the interference pattern formed upon free expansion. We also compare these results with those calculated by tight-binding approximation [4] . The three-dimensional results of [9] and those obtained directly here are in agreement with each other as well as with experiment. The present direct results fit a smooth curve and hence seem to be more accurate than the extrapolated results. However, the main advantage of the present approach lies in its calculational simplicity requiring much less computer memory and CPU time as one does not need to perform the calculation on an expanded volume and for an extended period of time. The results for the tight-binding approximation are slightly different from the present results. Although, the tight-binding approximation leads to reasonable results, for a more precise account of the Josephson frequencies the full three-dimensional model should be applied. We also studied the disruption of Josephson current for a large displacement of the harmonic trap as in the experiment [5] . We further investigated the nature of oscillation for a small displacement of the trap. Even for a small displacement we note a pure Josephson oscillation in our simulation. These behaviors are reported in figures 5 where we show a contour plot of P (y, t) for V 0 = 5 for trap displacements of (a) 10 µm and (b) 60 µm. There is clean Josephson oscillation for a trap displacement of 10 µm and its disruption for a trap displacement of 60 µm.
For a large trap displacement above a critical value a modulational instability takes place in the BEC [5, 10] . Consequently, upon the displacement of the trap the BEC cannot reorganize itself quickly enough and the phase coherence and superfluidity of the BEC are lost. The loss of superfluidity is manifested in the destruction of interference pattern upon free expansion. A similar destruction of interference pattern was observed by Greiner et al. [7] upon increasing the strength of the optical-lattice potential above a critical value which also led to a loss of superfluidity and a destruction of interference pattern upon free expansion. The loss of superfluidity in the experiment by Greiner et al. [7] was reversible and was due to a superfluid to a Mott insulator quantum phase transition. However, the loss of superfluidity in the present case is not reversible and is due to a superfluid to a classical insulator transition [5, 10] .
Whenever there is Josephson oscillation in three dimensions, its frequency for a fixed setup is determined by the value of the strength of the optical-lattice potential V 0 and is reasonably independent of the displacement y 0 used to initiate the oscillation or of the nonlinearity n in the GP equation. For example, for V 0 = 5, in numerical simulation we could not find any noticeable difference in the frequencies in cases of y 0 = 5 µm, 10 µm, and 30 µm as well as of n = 20 and 50.
Discussion
After this pioneering study of the evolution of Josephson current in three dimensions there are certain points worth emphasizing. The clear tracks of quantum tunneling and Josephson current in three-dimensional double-well and optical-lattice potentials presented in figures 2 and 3, respectively, suggest further theoretical and experimental studies. The Josephson current is destroyed in the case of optical-lattice potential for larger trap displacements due to a modulational instability generated by matter-wave interaction with multiple barriers in the optical lattice [5, 10] .
Here we have studied Josephson tunneling current based on a direct calculation of probability profile P (y, t) rather than resorting to an expansion as in the experiment [4, 5] and in a previous theoretical study [9] . The previous study relied on the formation of an interference pattern upon expansion due to the phase coherence in the oscillating BEC. Although that indirect (expansion) procedure might identify phase coherence in the BEC and find the Josephson frequency by extrapolating backward in time, it is not capable of noting the detailed features of Josephson oscillation studied in this paper. For example, the indirect method is not suitable for identifying the reflected matter wave in the Josephson current as predicted in this paper. Also, the formation of interference pattern upon expansion only guarantees the phase coherence in the original matter wave. The mere existence of the above interference pattern may not necessarily imply a Josephson current. In order to conclude about a Josephson current a careful examination of the interference pattern is needed. Furthermore an absence of the interference pattern may not necessarily imply a complete absence of Josephson tunneling. Hence, the direct numerical approach considered in this paper to study the evolution of Josephson current seems to be simpler, and more appropriate and trustworthy than the indirect approach based on an expansion of the BEC [4, 9] .
In all cases studied here in one and three dimensions quantum tunneling and Josephson current disappears for a small probability of transmission at the barrier. For a fixed width α of the barriers, tunneling current is cut off completely for a sufficiently large strength V 0 of the barrier. If V 0 is reduced from such a large cut-off value, tunneling of matter wave through the barrier will begin. However, the tunneling current for these larger values of V 0 does not have a simple periodic behavior as reported in this study.
The clear periodic behavior of tunneling and Josephson current starts with a further reduction in V 0 . All the studies reported in this paper refer to a domain of values of V 0 where a periodic oscillation appears.
Here we studied the evolution of tunneling current initiated by a sudden displacement of the trap. Such a trap displacement is not the only way to start a tunneling current. There could be many other ways of doing the same. For example, one can use a asymmetric double-well potential with a energy difference between the two pits. The general features of the evolution of tunneling current are expected to remain valid in these other contexts, although a careful study of these cases could reveal the actual truth.
There is a physically plausible reason for the fact that the quantum tunneling in a double-well trap is always accompanied by a reflected matter wave at the barrier whereas in the case of Josephson current in optical lattice there is clean tunneling of matter wave without reflection from optical-lattice barriers. Actually, the tunneling panorama is different in the two cases. In the case of a double-well trap we are considering the tunneling of a large condensate through a single barrier. However, in the case of the optical-lattice potential the condensate has a large number of small pieces located between successive barriers of the periodic optical-lattice potential. Consequently, Josephson tunneling current has a different nature in this case. In the optical-lattice potential one has the successive tunneling of a small piece of the condensate through multiple barriers rather than the tunneling of a large condensate through a single barrier in the double-well potential. The successive quantum tunneling of small pieces through multiple barriers takes place more naturally without reflection than the tunneling of a large condensate through a barrier. The large condensate behaves partly like a classical object and hence there is a large fraction of reflected wave in figures 1 and 2. However, true quantum superfluid properties are also evident in this case responsible for quantum tunneling noted here.
Summary
Using the mean-field Gross-Pitaevskii equation we have presented a numerical study of the evolution of quantum tunneling and Josephson current in a double-well and opticallattice potentials, respectively, initiated by a sudden displacement of the trap. We solve the Gross-Pitaevskii equation using the Crank-Nicolson method [16] and investigate the evolution of Josephson current directly from a consideration of the one-dimensional density profile of the matter wave. We perform our study in both one and three dimensions. The quantum tunneling in the case of the double-well potential is always found to be accompanied by a reflected matter wave at the barrier. This periodic quantum tunneling for a double-well potential is worthy of experimental as well as further theoretical exploration. In the case of the the optical-lattice potential there is pure Josephson current with no reflected matter wave and its disruption for large trap displacement as observed experimentally [5] . The variation of Josephson frequencies with the strength of the optical-lattice barrier as obtained in present study is found to be in good quantitative agreement with experiment [4] .
